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1.1 ([6]). $\Gamma$ 2 $(X, m_{X})$
$Y$ CAT(0) $x\in X$
$\lambda_{1}(Lk_{x}, Y)>$ A $\Gamma$ $Y$
$(G, m)$ CAT(0) $Y$ Wang $\lambda_{1}(G, Y)$
$\lambda_{1}(G, Y)=\inf_{\varphi:Garrow Y}\frac{\frac{1}{2}\sum_{(u,v)\in E}m(u,v)dist_{Y}(\varphi(u),\varphi(v))^{2}}{\sum_{v\in V}m(v)dist_{Y}(\varphi(v),\overline{\varphi})^{2}}$
inf $\varphi$ : $Garrow Y$ $\overline{\varphi}$
$G$
$\varphi$ $Lk_{x}$ $x$
$X$ $m_{X}$ $m_{Lk_{x}}(v, u):=$
$mx(x, v, u),$ $m_{Lk_{x}}(v)$ $:=mx(x, v)$ $X$ $mx$ admissible,










$X$ $m:X\cross X\cross Xarrow \mathbb{R}_{\geq 0}$
1. $m$ $m(x, y, z)=m(y, x, z)=m(x, z, y)$
2. $x\in X$ $\#\{(y, z)\in X\cross X|m(x, y, z)>0\}<\infty$ .
3. $x_{1},$ $x_{2}\in X$ $y0=x_{1},$ $y_{1},$ $y_{2},$ $\ldots,$ $y_{n}=x_{2}$ $z_{1},$ $\ldots,$ $z_{n}$
$1\leq i\leq n$ $m(y_{i-1}, y_{i}, z_{i})>0$
$m$ $X$ $(X, m)$
$m$ $\{(x,$ $y,$ $z)\in X\cross X\cross X|x=y$ $y=z$ $z=x\}$
$m(x, y, z)>0$ 2 $X$ 2
$m$ 3 2 1 (
$m$ ) $m(x, y):= \sum_{z\in X}m(x, y, z),$ $m(x):= \sum_{y\in X}m(x, y)$
$m$ 3 2 1 $m$
$m^{2},$ $m^{1},$ $m^{0}$
1
$X$ $x\in X$ $Lk_{x}$ $\{y\in X|m(x, y)>0\}$ 2
$m_{x}(y, z):=m(x, y, z)$ 1 $m_{x}(y):=m(x, y)$
2
$\Gamma$ $(X, m)$ ( )
$A\subset X$ $\#\{\gamma\in\Gamma|A\cap\gamma A\neq\emptyset\}<\infty$ $\Gamma$ $(X, m)$
( )




( $PGL(n,$ $\mathbb{Q}_{p})$ [8]. )
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2.2 CAT(0)
2.1 (CAT(0) ). $(Y, d)$ CAT(0)
1. Y 2
2. 3 $x,$ $y,$ $z\in Y$ $y$ $z$ $\gamma$ : $[0, l]arrow Y;\gamma(0)=y,$ $\gamma(l)=z$
$0\leq t\leq 1$
$d(x, \gamma(tl))^{2}\leq(1-t)d(x, y)^{2}+td(x, z)^{2}-t(1-t)d(y, z)^{2}$
CAT(0)
CAT(0) Hilbert tree, Hadamard ( $0$
),




2.3 Wang $\lambda_{1}(G, Y)$




$(X, m)$ $x\in X$
$Lk_{x}$ $m_{x}$
1 $m(u):= \sum_{v\in G}m(u, v)$
2.2 ([12], [6]). $(G, m)$ CAT(0) $Y$ Wang
$\lambda_{1}(G, Y)$








$\sum_{v\in G}m(v)dist_{Y}(\varphi(v),\overline{\varphi})^{2}\leq\frac{1}{2\lambda}\cdot\sum_{(u,v)\in G\cross G}m(u, v)dist_{Y}(\varphi(u), \varphi(v))^{2}$





Wang $\lambda_{1}(G, Y)$ (








(1) $Y$ Hilbert tree, Hadamard $\delta(Y)=0$ .
(2) $I_{p}$ $PGL(3, \mathbb{Q}_{p})$ Bruhat-Tits
$\frac{(\sqrt{p}-1)^{2}}{2(p-\sqrt{p}+1)}\leq\delta(I_{p})\leq\frac{3}{4}$ .
$Y$ Hilbert tree, Hadamard $\lambda_{1}(G, Y)=\mu_{1}(G)$
$G$ $PGL(3, \mathbb{Q}_{p})$ Bruhat-Tits
$\mu_{1}(G)=1-\sqrt{p}/(p+1)$ [2]
$\lambda_{1}(G, Y)>1/2$ Wang




1. $A\subset N$ $\omega(A)$ $0$ 1 $\omega(N)=1$
2. $A\subset \mathbb{N}$ $\omega(A)=0$
$\omega$





$\omega(I_{\epsilon})=1$ $\lim_{\omega}\varphi(i)$ $\lim_{iarrow\infty}\varphi(i)$ $\omega$
$\{(X_{n}, dist_{n}, x_{n})\}_{n=1}^{\infty}$ ($X_{\omega}$ , dist,, $x_{\omega}$ )
$(g_{n}),$ $g_{n}\in X_{n}$
$c$ $dist_{n}(g_{n}, x_{n})\leq c$ $\mathcal{F}$ $(f_{n}),$ $(g_{n})\in \mathcal{F}$
$\lim_{\omega}$ dist$n(f_{n},g_{n})=0$ $(f_{n})\in \mathcal{F}$
$(f_{n})^{\omega}$ $X_{\omega}$
$\mathcal{F}/\sim$
$X_{\omega}$ dist, $((f_{n})^{\omega}, (g_{n})^{\omega}):= \lim_{\omega}$ dist$n(f_{n}, g_{n})$ $x_{\omega}$
$(x_{n})$
CAT(0) CAT(0)
2.4 ([4], Proposition 4.2). $(G, m)$ $(Y_{n}, dist_{n}, y_{n})$ CAT(0)
$\omega$
$\mathbb{N}$





3.1. $(X, m)$ $\Gamma$ $X$




Proof. $\Gamma$ CAT(0) $Y$
$\Gamma$ rx $Y$ $X$ $Y$ $\Gamma$
$\mathcal{E}:=$ { $\varphi$ :X $arrow$ YI $\Gamma$ } $E:\mathcal{E}arrow \mathbb{R}_{\geq 0}$
$E( \varphi)=\frac{1}{2}\sum_{(u,v)\in X\cross X/\Gamma}m(u, v)dist_{Y}(\varphi(u), \varphi(v))^{2}$
$X\cross X/\Gamma$ $X\cross X$ $\Gamma$ $\Gamma c\sim Y$
$\varphi\in \mathcal{E}$ $E(\varphi)=0$
O





) $\varphi\in \mathcal{E}$ $E$ $\varphi$
$\Gamma$ $0$
$\varphi$ : $Xarrow Y$ $\Gamma$
$E( \varphi)=\frac{1}{2}\sum_{(v,w)\in(X\cross X)/\Gamma}m(v, w)$ dist $Y(\varphi(v), \varphi(w))^{2}$
$= \frac{1}{2}\sum_{v\in X/\Gamma}(\sum_{w\in X}m(v, w)$ dist $Y(\varphi(v), \varphi(w))^{2})$
$= \frac{1}{2}\sum_{v\in X/\Gamma}(\sum_{w\in X}m_{v}(w)dist_{Y}(c(\varphi_{*}m_{v}^{0}), \varphi(w))^{2})$ ( )
$= \frac{1}{2}\sum_{v\in X/\Gamma}(\sum_{w\in Lk(v)}m_{v}(w)$ dist $Y(c(\varphi_{*}m_{v}^{0}), \varphi(w))^{2})$
$\leq\frac{1}{4}\sum_{v\in X/\Gamma}\frac{1}{\lambda_{1}(Lk_{v},Y)}(\sum_{w_{1},w_{2}\in Lk(v)}m_{v}(w_{1}, w_{2})dist_{Y}(\varphi(w_{1}), \varphi(w_{2}))^{2})$ ( $\lambda_{1}$ )
$\leq\frac{1}{2}\sum_{v\in X/\Gamma}(\sum_{w_{1},w2\in Lk(v)}m_{v}(w_{1}, w_{2})dist_{Y}(\varphi(w_{1}), \varphi(w_{2}))^{2})$ $(\lambda_{1}>1/2$ $)$
$= \frac{1}{2}\sum_{v\in X/\Gamma}(\sum_{w_{1},w_{2}\in X}m_{v}(w_{1}, w_{2})$dist$Y(\varphi(w_{1}), \varphi(w_{2}))^{2})$







$E$ : $\mathcal{E}arrow \mathbb{R}_{\geq 0}$ $\inf_{\varphi\in \mathcal{E}}E(\varphi)>0$
$E$ $\{\varphi_{n}\}_{n\in N}$ $x_{0}\in X$ $Y$
$y_{n}=\varphi_{n}(x_{0})$ $\mathbb{N}$ $\omega$
$Y_{\infty}= \lim_{\omega}(Y, dist_{Y}, y_{n})$
$Y_{\infty}$ CAT(0) $Y$ $\Gamma$ $Y_{\infty}$ $\Gamma$
$\varphi_{\infty}$ : $Xarrow Y_{\infty}$ $\varphi_{\infty}(x):=(\varphi_{n}(x))^{\omega}$ $\Gamma$
$E( \varphi_{\infty})=\frac{1}{2}\sum_{(u,v)\in X\cross X/\Gamma}m(u, v)dist_{Y_{\infty}}(\varphi_{\infty}(u), \varphi_{\infty}(v))^{2}$









$E$ : $\mathcal{E}arrow \mathbb{R}_{\geq 0}$ $\inf_{\varphi\in \mathcal{E}}E(\varphi)=0$
$\Gamma$ $S$ $Y$ displacement function $\xi$ : $Yarrow \mathbb{R}$
$\xi(y)=\max dist_{Y}(\gamma y, y)\gamma\in S$
$\xi>0$ $\inf_{y\in Y}\xi(y)=0$
32. $\Gamma$ $Y$ $M>1$ $r>0$
$y_{M}\in Y$ $\xi(y_{M})=\frac{r}{M}$ $y\in B(y_{M}, r)$ $\xi(y)\geq\frac{r}{2M}$




$\Gamma$ CAT(0) displacement function $\xi$
$\inf_{y\in Y^{-}}\xi(y)\geq\frac{1}{2}$
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$X$ $\check{Y}$ $\Gamma$ $\check{\mathcal{E}}$
$\inf_{\varphi\in \mathcal{E}^{-}}E(\varphi)>0$
$\lambda_{1}(Lk_{x},\check{Y})>$ A





$E( \varphi)=\frac{1}{2}\sum_{(x,y)\in X\cross X/\Gamma}dist_{Y}(\varphi(x), \varphi(y))^{2}\frac{m(x,y)}{|\Gamma_{(x,y)}|}$
4.1 ([6] Lemma 2.2). $X$ $\Gamma$ $\Phi$ : $X\cross Xarrow \mathbb{R}$ $\Gamma$
$\sum_{(x,y)\in X\cross X/\Gamma}\frac{\Phi(x,y)}{|\Gamma_{(x,y)}|}=\sum_{x\in X/\Gamma}\frac{1}{|\Gamma_{x}|}\sum_{y\in X}\Phi(x, y)$ .
42. $(X, m)$ $\Gamma$ $X$






$\varphi$ : $Xarrow Y$ $\Gamma$
$E( \varphi)=\frac{1}{2}\sum_{(v,w)\in(X\cross X)/\Gamma}\frac{m(v,w)}{|\Gamma_{(v,w)}|}dist_{Y}(\varphi(v), \varphi(w))^{2}$
$= \frac{1}{2}\sum_{v\in X/\Gamma}\frac{1}{|\Gamma_{v}|}(\sum_{w\in X}m(v, w)$dist $Y(\varphi(v), \varphi(w))^{2})$
$= \frac{1}{2}\sum_{v\in X/\Gamma}\frac{1}{|\Gamma_{v}|}(\sum_{w\in X}m_{v}(w)dist_{Y}(c(\varphi_{*}m_{v}^{0}), \varphi(w))^{2})$ ( )
$= \frac{1}{2}\sum_{v\in X/\Gamma}\frac{1}{|\Gamma_{v}|}(\sum_{w\in Lk(v)}m_{v}(w)$ dist $Y(c(\varphi_{*}m_{v}^{0}), \varphi(w))^{2})$
$\leq\frac{1}{4}\sum_{v\in X/\Gamma}\frac{1}{|\Gamma_{v}|}$ $\frac{1}{\lambda_{1}(Lk_{v},Y)}(\sum_{w_{1},w_{2}\in Lk(v)}m_{v}(w_{1}, w_{2})dist_{Y}(\varphi(w_{1}), \varphi(w_{2}))^{2})$ ( $\lambda_{1}$ )
$\leq\frac{1}{2}\sum_{v\in X/\Gamma}\frac{1}{|\Gamma_{v}|}(\sum_{w_{1},w_{2}\in Lk(v)}m_{v}(w_{1}, w_{2})dist_{Y}(\varphi(w_{1}), \varphi(w_{2}))^{2})$ $(\lambda_{1}>1/2$ $|J)$
$= \frac{1}{2}\sum_{v\in X/\Gamma}\frac{1}{|\Gamma_{v}|}(\sum_{w_{1},w_{2}\in X}m_{v}(w_{1}, w_{2})dist_{Y}(\varphi(w_{1}), \varphi(w_{2}))^{2})$
$= \frac{1}{2}\sum_{v\in X/\Gamma}(\sum_{w_{1},w2\in X}m(v, w_{1}, w_{2})dist_{Y}(\varphi(w_{1}), \varphi(w_{2}))^{2}\frac{1}{|\Gamma_{(v,w_{1},w)}2|})$
$= \frac{1}{2}\sum_{(w_{1},w_{2})\in(X\cross X)/\Gamma}(\sum_{v\in X}\frac{m(v,w_{1},w_{2})}{|\Gamma_{(v,w_{1},w_{2})}|})dist_{Y}(\varphi(w_{1}), \varphi(w_{2}))^{2}$
$= \frac{1}{2}\sum_{1(w,w_{2})\in(X\cross X)/\Gamma}(\frac{dist_{Y}(\varphi(w_{1}),\varphi(w_{2}))^{2}}{|\Gamma_{(w_{1},w_{2})}|}\sum_{v\in X}m(v, w_{1}, w_{2}))$





4.3. $Y$ Hilbert (T)
Zuk [13]
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44. [6] $X$ 1 $(x_{1}, x_{2})$
$\lambda_{1}(Lk_{x_{1}}, Y)+\lambda_{1}(Lk_{x2}, Y)>1$




$\lambda_{1}(Lk_{x}, Y)=$ A $X$ $Y$ $\Gamma$
$Y$ $X,$ $Y$
$PGL(3, \mathbb{Q}_{p}),$ $PGL(3,F_{p}((t)))$ $\mathbb{Q}_{p}$
$F_{p}((t))$
$x$ $\lambda_{1}(Lk_{x}, Y)\leq\frac{1}{2}$ Margulis
$X$ $Y$
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